A new measuring system is proposed that can measure the motions of arbitrary rigid bodies moving in 6 degrees of freedom. The measurement principle is based on the detection of laser beams reflected from a specially fabricated three-facet mirror that looks like a triangular pyramid having an equilateral cross-sectional shape. The mirror is mounted on the object to be measured. It reflects a laser beam, generated from a source, in three different directions, depending on the motion of the object of interest. The reflected beam is then detected by three position-sensitive detectors (PSDs). From the signals of the PSDs, we can calculate the 3-D position and orientation of the three-facet mirror, thus enabling us to determine the 3-D position and orientation of the object. We model the relationship between the 3-D position and orientation of an object in motion and the outputs of three PSDs. A series of experiments are performed to demonstrate the effectiveness and accuracy of the proposed method. The experimental results show that the proposed sensing system can be an effective means of obtaining 3-D position and orientation of arbitrary objects and provides reasonable measurement accuracy.
Introduction
A rigid body, which is not constrained to any kinematic condition, has 6 degrees of kinematic freedom in space. Therefore, six spatial parameters, such as x, y, and z in translation and roll, pitch, and yaw in rotation, are required to fully describe the 3-D position and orientation of a rigid body. Many practical applications require noncontact 6-degree-of-freedom ͑DOF͒ sensing technology. Some of these include motion analysis, 1 motion control, 2 robot teaching, 3, 4 6-DOF input devices, 5, 6 and mobile robot localization. [7] [8] [9] Nevertheless, only a few methods have been developed for some limited applications because it is much more difficult to measure multi DOFs than a single DOF. Generally, it becomes significantly more difficult to measure the motions of any object with increases of even 1 DOF.
To simultaneously measure the 3-D position and orientation of rigid bodies, several approaches have been proposed, such as computer vision, 6-DOF inertial sensors, and laser-based sensors.
Computer vision technologies, 7, 8 most of which use camera images, are widely used for recognizing the 3-D position and orientation of rigid bodies; for example, in the field of mobile robot navigation, since they are effective and easily implemented. Many computer vision approaches rely on landmarks designed to extract their features easily and accurately. These approaches can be an effective means to locate mobile robots and to estimate the position and orientation of end-effectors of robot manipulators. However, they are rarely applied to precise measurements. The precision of computer vision approaches is limited to the order of a few millimeters or hundreds of micrometers.
Six-DOF inertial sensors, 9, 10 which generally consist of a triaxial accelerometer along with three gyros, are often used to estimate 6-DOF motions of aircraft, missiles, and rockets. The 6-DOF inertial sensors measure linear and angular accelerations and integrate them with respect to time to estimate 3-D position; x, y, and z coordinates; and 3-D rotation, roll, pitch, and yaw angles. These approaches do not require a landmark as used in computer vision approaches and are reasonably accurate for a while after the initiation of integration. However, errors in all six components are accumulated and keep increasing over time. The accumulated errors are rarely bound to some limit values, and thus these approaches are also not suitable for precise measurements.
For precise measurement of position and rotation, of the order of micrometers and microradians, respectively, optical instruments such as laser interferometers, 11, 12 and laser Doppler vibrometers 13 have been widely used. These instruments, which are basically for 1-D measurement, show very high precision, even of the order of nanometers in translation. For higher dimensional measurement such as 2-or 3-D position plus rotation, it is necessary to integrate several laser interferometers and laser Doppler vibrometers, which is a very difficult task and actually impossible for 6-DOF applications.
Lee et al. 14 and Park et al. 15 proposed an optical method that can simultaneously measure 6-DOF motions of objects. They use position-sensitive detectors ͑PSDs͒ and lasers with one or multiple prisms on the objects to be measured.
In this paper, a new measuring system is proposed that can measure the 3-D position and orientation of rigid bodies in the precision order of micrometers and microradians. For precise measurement, we utilize a laser source, a specially fabricated mirror, and three PSDs. The specially fabricated mirror, which we refer to as a three-facet mirror, looks like a triangular pyramid having an equilateral crosssectional shape. We mount this mirror on objects to be measured, illuminate the mirror with a He-Ne laser beam, and then detect beams reflected from the mirror with PSDs. From the output signals of the PSDs, we can calculate the 3-D position and orientation of the three-facet mirror, thus enabling us to obtain the 3-D position and orientation of the objects.
In this paper, we model the relationship between the 3-D position and orientation of the three-facet mirror and the outputs of three PSDs. A series of experiments are performed to demonstrate the effectiveness and accuracy of the proposed method. The experimental results show that the proposed sensing system can be an effective means of obtaining 3-D position and orientation of arbitrary objects. Figure 1 shows the overall configuration of the proposed sensor system for precise measurement of 3-D position and orientation of an object. As shown in the figure, the sensor system is composed of a mirror of pyramidal shape, a He-Ne laser source, and three PSDs. A laser beam is emitted from a He-Ne laser source located at the upright position and vertically incident on the top of a mirror of pyramid shape. The mirror has an equilateral triangular cross section, as shown in Fig. 2 . We call this mirror a three-facet mirror since the mirror has three lateral reflective surfaces inclined 45 deg to its bottom surface. These three reflective surfaces are denoted by M a , M b , and M c . Once a laser beam illuminates the top of the three-facet mirror, the mirror reflects and splits the laser beam into three subbeams, as shown in the figure. Figure 3 shows the planar view of the sensor system with its laser source omitted for presentation. In the figure, the three-facet mirror is located at the center of the sensor system and oriented in such a way that the three subbeams go directly onto the origins of the three PSDs, respectively. In this situation, the three-facet mirror equally divides the power of the laser beam among the three PSDs so that all three PSDs indicate an equal incident power signal. All three subbeams meet the origin points of corresponding PSDs, called home positions, typically ͑0, 0͒.
Principle of Sensor System

Measurement Principle
We define this position and orientation of three-facet mirror as the origin of the sensor system. The laser beam, not shown here, is located at the center of the sensor system and oriented vertically to the reference plane. The position and orientation of the laser beam are kept fixed during the measurement process. For systematic description of the sensor system, we define a reference frame o w whose origin coincides with the system origin, the x w y w plane coincident with the reference plane that includes the origins of the three PSDs, and the x w axis passing through the origin of PSD A.
Under the system configuration described here, when the three-facet mirror moves in space, the equality among the light power of three subbeams is no longer maintained. Figure 4͑a͒ shows how the light power shares vary when the three-facet mirror is in in-plane motion. Suppose that the mirror has moved in the positive x w and y w directions. Then, we can easily see qualitatively that light power incident on PSD A ⌽ a becomes smaller, that of PSD B ⌽ b also becomes smaller, and that of PSD C ⌽ c becomes larger.
Generally, rotating motions such as roll, pitch, and yaw can affect the equality of light powers, but their influence is not so dramatic as that of x w y w plane motions. As for translation in the z w direction and rotating motions, there will be some migrations of three subbeam spots on the PSDs. When the mirror moves in the z w direction, all three subbeam spots move upward without causing any influence on light power shares among the three PSDs. When the mirror rotates about its top, some of the three subbeam spots move in some manner. If it rotates about the z w axis, i.e., yawing, having its top as a pivot point, all three subbeam spots move in a horizontal direction without causing any influence on light powers incident on the three PSDs. Figure  4͑b͒ shows how the subbeam spots on PSDs move when the mirror yaws. In the figure, each subbeam spot moves left on each PSD's sensitive area when the three-facet mirror yaws counterclockwise. As for rotation about the x w and y w axes, all subbeam spots move in a manner having a slight influence on light powers incident on the PSDs, but are not as sensitive as those of x w y w plane motions.
When the mirror moves, in general, 6 DOFs, which involves at least two basic motions described earlier or even all six basic motions, three PSDs indicate those outputs combined as a result of such basic motions. It is difficult, however, to intuitively predict what kinds of outputs the three PSDs will provide in such cases. To avoid such difficulty, we require a model to relate the 6-DOF motions of the three-facet mirror to the PSDs outputs. In this paper, a mathematical model is presented to provide such a systematic relationship. The model is based on geometric optics in which a laser beam is regarded as a simple straight line or a set of straight lines, and the diffraction effect is neglected. For simplicity of model derivation, this is inevitable but will limit the prediction accuracy.
Each PSD gives us the 2-D positions of the laser beam spot as well as the light intensity incident on its sensitive area. In a strict sense, the 2-D position data represent the position of the centroid of light intensity distribution on the PSDs. From this information, we can acquire three 3-tuples consisting of 2-D positions and the light intensities of laser beam spots incident on PSD surfaces by using analog-todigital ͑A/D͒ data acquisition equipment having nine input channels. Here, we utilize the nine outputs to determine the 3-D position and orientation of the three-facet mirror. If we mount the mirror on any object, then we can also measure the 6-DOF pose of the object. The mathematical relationship between the 6-DOF pose of the three-facet mirror and nine outputs of the three PSDs is explained in the next section.
Mathematical Model
As stated earlier, we require a model that can provide 3-D position and orientation of the mirror from the acquired PSD outputs. The model explained in this section calculates only PSD outputs from given 3-D position and orientation of the mirror. This is because it is hard to perform inverse ray tracing in the proposed system configuration, that is, the light path calculation from destination to source. Thus, a numerical inversion is adopted to perform actual measurement.
As shown in Figs T and w ϭ͓␥ ␤ ␣͔ T . Here, t x , t y , and t z denote the 3-D coordinates of the top of the three-facet mirror with respect to o w , and ␥, ␤, and ␣ are the roll, pitch, and yaw angles, respectively. Here, the superscript character w indicates that the vectors are represented with respect to the world coordinate system o w . Using the notation defined here, the system model can be expressed as 
͑1͒
Here, G f * is a vector function that calculates the PSD outputs from the given position and orientation of the mirror, and the superscript T denotes the transpose of vectors or matrices. As shown in the equation, G f * has six independent variables and nine dependent variables, some of which are expected to be coupled with each other. Figure 2͑b͒ shows that a subbeam reflected from M a travels incident on PSD A to form an image resembling a piece of pie P a . In the figure, the dotted ellipse L a is the imaginary cross section of the laser beam as if the laser beam is not split by the three-facet mirror but totally reflected by a planar mirror whose pose is the same as that of M a . Here, S a is the center of the dotted ellipse L a and also the projection of the center of laser beam. Two vertices of P a , l ab a , and l ca a are the projections of the vertices of the three-facet mirror, l ab and l ca and L a including the arc of P a is presented as the projection of the arc of the laser beam defined by beam diameter l . The intersection of l ab a and l ca a , Q a , is the point projected from the top of the mirror, as shown in the figure. If the center of laser beam coincides with the mirror top, then Q a and S a are located at the same position, and R a is the light centroid of P a , which is the 2-D position output of PSD A. First, we model the original laser beam of Gaussian intensity distribution from a source whose direction vector is v l and the position of source point is r l . As described, the direction of the laser beam is kept vertical and the position is fixed. Thus, v l w , and r l w , can be expressed as
Here, h represents the height of the laser source from the system reference plane; however, this does not affect the system characteristics. The intensity within the laser beam is distributed in Gaussian functional form given by
͑4͒
Here, P represents the power of the laser beam, l is the diameter of the laser beam, and r is the radial distance from the center axis of the laser beam to any point of interest. The 2-D coordinates of Q a with respect to o a are ( a * , a *), and can be computed from the intersection of the vertex of subbeam A and PSD A. As for PSDs B and C, similar procedures can be performed. To obtain ( a * , a *), the vertex of subbeam A must be calculated in advance. The vertex of subbeam A is the line drawn from the vertex of the three-facet mirror directed toward the point ( a * , a *).
The direction vectors of the three subbeams are calculated through the light reflection law after the geometrical models of the three mirror surfaces are obtained. The mirror surfaces are modeled on 3-D planes. They are modeled with respect to the reference frame o s , which is fixed at the top of the three-facet mirror. The z s axis of o s is vertical to the bottom surface of the three-facet mirror, and the x s axis is vertical to the bottom edge.
The surface normal vectors of M a , M b , and M c with respect to o s are given by
where n a , n b , and n c denote the surface normal vectors of M a , M b , and M c , respectively, and the superscript character s means that the vectors are represented with respect to the coordinate system defined at the top of the mirror, o s . As the mirror rotates around any axis, the vectors rotate with respect to the world coordinates system o w . Therefore, the vectors should be expressed with respect to o w as follows:
Park and Cho: Measurement of fine 6-degrees-of-freedom . . .
Here, n a w ϭ͓l a m a n a ͔ From the preceding equations, we can obtain the direction vectors of the three subbeams v a w , v b w , and v c w using the light reflection law 16 as follows:
where the reflection matrices of the three mirror surfaces are given by
Ϫ2l a m a Ϫ2l a n a As shown in Fig. 2͑b͒, p , a ), ( b , b ) , and ( c , c ) are the centroids of P a , P b , and P c weighted with intensity distribution of Gaussian function. These can be computed by evaluating Eq. ͑16͒: , I a (r a ), I b (r b ) , and I c (r c ) represent the laser power distributions on PSDs A, B, and C, respectively. As explained previously, the laser beam in this work has Gaussian intensity distribution, which is a function of radial distance from its beam center, as presented in Eq. ͑4͒, so that it is circularly symmetrical. However, I a (r a ), I b (r b ), and I c (r c ) are not necessarily Gaussian since the subbeams A, B, and C may not be vertical to the sensitive surfaces of PSDs A, B, and C, respectively. When the three-facet mirror stays at the home orientation, i.e., ␥ϭ␤ϭ␣ϭ0, the three subbeams are vertical to the sensitive surfaces of the three PSDs, respectively. But, as the mirror rotates in any way, the three subbeams rotate in some way such that I a (r a ), I b (r b ), and I c (r c ) differ from Gaussian form. The cross sections of I a (r a ), I b (r b ), and I c (r c ) become elliptical from their previous circular shape. Note here that r a , r b , and r c are not only such radial distances as used in Eq. ͑4͒, but are also somewhat different terms, say modified radial distances, defined as follows: The incident light powers of the three PSDs, ⌽ a * , ⌽ b * , and ⌽ c * , are the denominators of Eq. ͑16͒. Since laser beam power may vary due to its original instability, it is more reliable to use normalized laser power, which can be easily calculated from the following equations:
Here, P is the total laser power that can be obtained by
Pϭ⌽ a *ϩ⌽ b *ϩ⌽ c * .
͑20͒
At this stage, we have completed modeling the relationship between the 3-D pose, i.e., t x , t y , t z , ␥, ␤, and ␣, and the three 3-tuples of PSD outputs, ( a , a ,⌽ a ), ( b , b ,⌽ b ), and ( c , c ,⌽ c ). Through Eqs. ͑16͒ and ͑19͒, we can calculate ( a , a ,⌽ a ), ( b , b ,⌽ b ), and ( c , c ,⌽ c ) with given t x , t y , t z , ␥, ␤, and ␣. When actual measurement is performed with the proposed sensor system, it is necessary to perform an inversion of the preceding sequences of calculation; calculation of t x , t y , t z , ␥, ␤, and ␣ with given ( a , a ,⌽ a ), ( b , b ,⌽ b ) , and ( c , c ,⌽ c ). This is performed through a numerical way, the Newton's method, 18 through which we have successfully obtained the solution, t x , t y , t z , ␥, ␤, and ␣, with given ( a , a ,⌽ a ), ( b , b ,⌽ b ) , and ( c , c ,⌽ c ).
Experiments
Sensitivity of PSDs to Laser Light
PSDs, widely used as position sensors, provide 1-or 2-D positions of incident laser beams or any other kind of light beam. PSDs have another useful function, which is the capability to measure light power incident to their sensitive surfaces. This function is often used to monitor whether PSDs are adequately illuminated. In this paper, PSDs are used to measure the light power of incident laser beams to calculate 3-D position and orientation of a three-facet mirror. From this objective, sensitivities and linearities of the PSDs are very important, as they can affect accuracy and resolution of the proposed sensor system. Figure 5 shows the calibration charts of the PSDs used in this paper. The charts compare the PSD signals to readings of a reference sensor, a laser powermeter. In the figure, PSD outputs show reasonably high linearity, which is at most 0.5% deviated from the linear regression over the whole range.
Verification of the System Model
The measurement method proposed in this paper involves dividing a laser beam into three subbeams and measuring the light powers and positions of the three subbeam centroids using PSDs. These processes make the principle of the sensor system somewhat complicated to understand. From this point, it is necessary to check if the system model described in Sec. 2.2 is plausible. Figures 6 and 7 present some comparisons between the mathematical model and the experimental results when a mirror moves along the x w axis and rotates about the x w axis, in the system layout presented in Fig. 3 . In the legends of the figures, symbols that represent the calculation results of the mathematical model are underlined, while those of actual measurement data are denoted as defined previously.
To acquire the actual PSD outputs shown in Fig. 6 , the mirror is set in discrete motion from t x ϭϪ0.056 mm to t x ϭ0.143 mm with 0.013-mm intervals. The results are plotted with the calculated results of the mathematical model. In Fig. 6͑a͒ , light powers incident on PSDs are plotted with respect to t x . Solid arrows indicate the direction of translation of the mirror. As described in Eqs. ͑19͒ and ͑20͒, ⌽ a , ⌽ b , and ⌽ c are normalized by total power P, and therefore, the sum of ⌽ a , ⌽ b , and ⌽ c is given by
When the mirror is at the system origin, ⌽ a , ⌽ b , and ⌽ c are equally 1/3, and three pairs of (⌽ a ,⌽ គ a ), (⌽ b ,⌽ គ b ), and (⌽ c ,⌽ គ c ) nearly overlap. In Fig. 6͑b͒ , there are three pairs of locci formed by subbeam spots on PSDs A, B, and C. The migrations of the spots are not so dramatic as the variations of incident light powers shown in Fig. 6͑a͒ . Although the mirror moves 0.199 mm, the subbeam spots on the PSDs move approximately 0.06 mm. This indicates that the position variations of the subbeam spots are not sensitive to x w axis translation. We see that the pairs of the experimental and theoretical data deviate only slightly from each other, yielding only small measurement errors. Thus, these trends can be regarded as close enough to be considered identical taking into account that total migrations in the loci are small. Figure 7 shows the PSDs outputs when the three-facet mirror rolls 2.45 mrad. As shown in the figures, incident light powers are very insensitive to rolling motion, but the locations of the subbeam spots on the PSDs are very sensitive to rolling motion. We can see that both results from experiments and simulations are close enough to be considered almost identical.
Measurement of Basic 6-DOF Motions
To verify the principle and effectiveness of the proposed measurement method, we constructed an experimental system and performed a series of experiments. Figure 8 shows the experimental setup for the system. In the figure, the laser beam is artificially presented as three straight solid lines. The planar view of the experimental system is as shown in Fig. 3 Experiments are conducted to measure six sets of single axis motions, which include x w , y w , and z w translations and rolling, pitching, and yawing. When x w axis movements are measured, the mirror is sequentially positioned and moved in the x w direction and the corresponding three PSDs outputs,
, and ( c , c ,⌽ c ), are acquired. The movement is performed through actuating one of six axes of the six-axis stage. For other axes, such as y w translation, z w translation, rolling, pitching, and yawing, similar tasks are performed. The main parameters used for the experimental system and the specifications of its components are listed in Table 1 . maximum values and the standard deviations. In Fig. 9 , we can see the measurement precision of the proposed sensor in the case of linear translation, although the ranges of the translations are very small. In x w translation, the position intervals of the data points are equally given by 13.5 m, and in other directions such as y w and z w translations, the intervals are 13.9 and 9.4 m, respectively.
In Fig. 10 , the measurement results for rolling, pitching, and yawing movements are plotted. In such rotation measurements, the angular intervals are given by 163, 158, and 158 rad for rolling, pitching, and yawing, respectively. As indicated in Table 2 , the relative uncertainties in this case are smaller than those of translation measurements. The measurement precision of the proposed sensor for rotation is linearly proportional to the radial distance of PSDs from the system origin o w . If the distance becomes two times farther, then the precision of rotation measurement is improved by two times, but measurement range reduces by half.
In Table 2 , we can see the standard deviations in each axis measurement. These represent the degree of precision for the relevant axis movements in the sensor system. As shown in the table, the values are below 1.5 m for translations, and below 6.5 rad for rotations. If we define the measurement resolution of the system as twice the standard deviation, then the resolution can be determined to be 3 m for translations, and 13 rad for rotations. In other words, any translational displacement larger than 3 m can be detected with 95% certainty, as can any rotational displacement larger than 13 m.
Conclusions
A new measurement system was proposed to measure with high precision the 3-D positions and orientations of rigid bodies. The proposed sensor system is based on a configuration of laser optics that adopts a special mirror, a threefacet mirror, a He-Ne laser, and three PSDs. The sensor system directly measures the 3-D position and orientation of the mirror mounted on objects in motion. The laser light path in the system was mathematically modeled and the measurement principle was verified through a series of experiments.
The developed mathematical model is based on ray tracing, forward ray tracing in full, which traces the light path in the sensor system from the laser source to the destinations, three PSDs surfaces. This yields three sets of 2-D coordinates and powers of the laser beam spots on PSDs surfaces. On the other hand, inversion of the forward ray tracing is performed through a numerical method. Experiments were performed for six fundamental motions, x, y, and z translations and roll, pitch, and yaw rotations. In the experiments, the three-facet mirror is made to move at small intervals on each axis. Through the experiments, we verified the validity of the measurement principle, while the diffraction effect was neglected for simplicity. The proposed sensor system can measure the movements of any object at a precision of 3 m in translation and 13 rad in rotation. 
